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1. Introduction

Algebraic lattices conveniently represent computatignadlevant properties. As partial orders they al-
low for the expression of amounts infformation contentDistinguished elements—callesbmpact or
finite—stand for computationally representable informationerp\element or information item not di-
rectly representable can be approximated by representableompact, items. So algebraic lattices can
be identified as computationally relevant structures, andugh have found applications in Computer
Science, most prominently in the theory of denotational aios, domain theory (see, e.g. [2]), but
recently also in aspects regarding knowledge representatid reasoning (see e.g. [20, 33, 11]).

As can be expected from rich mathematical structures sualgabraic lattices, a multitude of possi-
ble characterizations have been established, rangingtfrerriassical correspondence between algebraic
lattices and their semilattices of compacts [9], over labj@haracterizations such as Scott information
systems [21], to topological investigations via the Scofiology [15, 1]. Following Abramsky’s pro-
gramme ofdomain theory in logical formeach of these representations is associated with either th
spacialor thelocalic side of Stone duality: the former includes syntacticaljdaj and axiomatic for-
malisms, while the latter typically incorporates semaaitiobservational, and denotational aspects. The
equivalence of both worlds leads to rather pleasant restdtsundness and completeness of correspond-
ing proof systems and model theories.

We add to this collection a representation of algebraiéckdtbased on the framework of formal
concept analysis (FCA, [10]). Originally, FCA was conceias an alternative formulation of the theory
of complete lattices, motivated by philosophical consitiens [28]. In the meantime, FCA has grown
from a new branch of lattice theory to a widely recognized todComputer Science (see, e.g., [27]).
Prominent applications concern areas such as Data- andthiféxg, Knowledge Representation and
Reasoning, Semantic Web, Computational Linguistics. F@Asfromformal contextssyntactical de-
scriptions of object-attribute relations, and lifts theonctosure operators and complete lattices. While
this suggests a logical viewpoint based on the given (dedyatlosure, the derived logical entailment
lacks the important property of compactness: some comeiasian only be drawn from infinite sets of
premises [31]. This motivates a deviation from the classieéinition of closures in FCA to ensure Scott
continuity of the derived closure operators (the so callgélaaic ones), thus recovering compactness
and switching to complete lattices that are algebraic. Waese this by introducing the (complete al-
gebraic) lattice obpproximable concep{84], obtained from given object-attribute relations agaius
to the classical construction used in FCA, but at the same tionforming to the insights concerning
computationally relevant structures as studied in dontaory.

The strong interest in algebraic lattices indeed stems ionpart from the appealing way in which
these structures capture the possibility of approximatiriiite computation by finite elements. The
full strength of the theory only becomes apparent when Smmitinuous functions are employed as
morphisms of a categoilg of algebraic lattices. The interplay between the latticabthese morphisms
is highly satisfactory: the set of all Scott continuous timrts between two algebraic lattices can again be
viewed as an algebraic lattice, aAtly is in fact cartesian closed. Consequently, we augment theeab
characterizations of algebraic lattices by suitable mstiof morphisms, inducing in each case a category
that is equivalent té\lg. We thus obtain a cartesian closed category of formal cestaxresponding to
the new notion of approximable concepts.

At the same time, this article gives a relatively comprehenaccount of the numerous representa-
tions of algebraic lattices byfiering a fresh, unified, and largely self-contained treatroéthe theory.
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The new approach via FCA provides additional insights ihenature of the well-known formalisms.
In particular, we give a direct proof of the cartesian closmss$ of the new category of formal contexts,
hence obtaining novel categorical product and functiorcsmanstructions based on formal contexts.
Particularly, the formulation of function space enhancasumderstanding aéipproximable mappings
the class of morphisms Scott conceived for his informatigteans [21]. Indeed, these relations turn out
to be immediate descriptions of sets of step functionsiicsent to capture all Scott continuous functions
between the corresponding algebraic lattices.

Our discussion will also expose the connections betweerbeddr lattices and the conjunctive frag-
ment of propositional logic—an approach that appears tather intuitive from the viewpoint of Com-
puter Science and also brings to bear on the results fromi[l2As encompassed in [1], this is achieved
through the Lindenbaum algebras of these logics. Our plafttides finding a simple access to Scott in-
formation systems, is an alternative view on approximakd@mpmgs asnultilingual sequent calculias
considered in [14] for more expressive logics.

The structure of this paper is as follows. In the next Secidime most fundamental definitions from
order theory, topology, and category theory are recalledti® 3 starts the discussion of algebraic lat-
tices from a domain theoretic perspective, with specialless on the role of the semilattice of compact
elements. Thereafter, Section 4 introduces appropridtensoof morphisms for such semilattices, which
are shown to be equivalent to Scott continuous functionsdxn the corresponding algebraic lattices.
Section 5 then introduces a category of formal contextsvatgnt to the algebraic lattices and Scott con-
tinuous functions, and gives an explicit proof of the caae<losure of this new category. Building on
the prototypical categorical equivalences establishelicesSection 6 introduces further representation
theorems from logic and topology, which are then connecsitbuStone duality. Finally, Section 7 gives
pointers to further literature and hints at possible extrssof given results.

A very preliminary report on some of the results in this papas appeared as [13]. The notion
of approximable conceptas first been proposed in [34], but without exploring itsegaty-theoretical
content.

2. Preliminaries and Notation

We first give some basic definitions of order theory at Iéadix notations Our main reference will be
[9]. A more gentle first introduction is given in [8].

A patrtially ordered set (poset) is a $etwith a reflexive, symmetric, transitive relatiegnc P x P.
If (P, <) is a poset, then its dual is the posBtX). We denote posets by their carrier set as long as the
partial order is clear from the context.

Definition 2.1. A posetL is alattice if every two elements dof have a supremum and an infimum. These
meets and joins of binary sets will be written in infix notatia/{x,y} = X vyand A{x,y} = XAYy. Lis
distributive if, for allx, y, ze L, one findsx A (yV 2) = (XVYy) A (X V 2).

An elementx € L is called

e meet-irreduciblef y A z= ximpliesy = xorz = x,
e meet-primdf y A z < ximpliesy < xorz < x.

Join-irreducible and join-prime elements are defined guall



4 P. Hitzler, M, Krétzsch, G.-Q. Zhand Categorical View on Algebraic Lattices in Formal Concepialysis

In a distributive lattice, the meet-irreducibles are elattte meet-primes, and this will be the only
case considered in this paper.

Definition 2.2. Consider a posdt. A non-empty subsdD C L is directedif, for any x, y € D, there is
some elemertt € D such thatx < zandy < z If every directed subsdd C L has a least upper bound
(supremum, join)/ D in L, thenL is adirected complete partial ordgidcpo).

L is acomplete latticef every subset C L has a least upper boundS and a greatest lower bound
(infimum, meet)A S. For a seiX, 2X denotes the powerset lattice, i.e. the complete latticdl sfibsets
of X under inclusion.

We recall that a poset that has all infima also has all supraméyice versa, so that one of these
conditions is in fact sflicient. Furthermore we want to talk about functions betweaniglly ordered
sets.

Definition 2.3. Consider posetP andQ, and a functionf : P — Q. Thenf is monotonef it preserves
the order ofP, i.e. x < yin P implies f(x) < f(y) in Q. Moreover, f preserves (directed) supreniia

for any (directed)S ¢ P such that\/ S exists, one finds thay f(S) = \/{f(s) | s € S} exists and that
f(\VV S) = V f(S). Preservation of infima is defined dually. A function thaggerves directed suprema is
also calledScott continuousAn order-isomorphisnis a bijective monotone function that has a monotone
inverse.

Note that preservation of directed suprema (infima) alwayails monotonicity, since every pair of
elementsx < y induces a directed séx, y} for which preservation of suprema (infima) implié&) <
f(y) as required.

We also need a little general topology. Our view on topolaggély agrees with [25].

Definition 2.4. Let X be a set and let € 2% be a system of subsets Xf (X, 7) is atopological spaceéf
containsX and the empty set, and is closed under arbitrary unions aitel ifitersections. The members
of such a system are calledopen set@and the complete latticer,(C) is called theopen set latticeThe
complements of open sets are tiesed setdf confusion is unlikely, we will denote topological space
by their sets of points. For a topological spaGeve also us&€(X) to denote its open set lattice.

A subsetB of 7 is abaseof 7 if every open set is equal to the union of all member8 @fcontains.

The appropriate mappings between topological spacesoateiuous functions

Definition 2.5. Consider topological spacesandY, and a functionf : X — Y. Thenf is continuousf

its inverse image preserves open sets, i.e. for every op&hsey, the setf ~1(0) = {x € X | f(X) € O} is

open inX. If f is bijective and bott andf~! are continuous thefis ahomeomorphisai he topological
spacesX andY are said to b&someomorphidcf a homeomorphism between them exists.

Finally, a minimum amount of category theory is utilized lvistpaper, in order to present relation-
ships of the dierent concepts to their full extent. Our terminology folky8]. Other good references
include [18], and the more easy-paced introductions [1d][&8]. A categoryC consists of

1. aclasgC| of objectsof the category,

2. for all A, B € |C|, a setC(A, B) of morphismdrom Ato B,
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3. for all A, B,C € |C|, a composition operation
o:C(B,C)x C(A,B) » C(A C),

4. for all A € |C|, anidentity morphismda € C(A, A),

such that for allf € C(A, B), g € C(B,C), h e C(C, D), the associativity axiorho(go f) = (hog)o f, and
the identity axioms igof = f andgoidg = g are satisfied. As usual, we wrife: A — B for morphisms
f € C(A, B). TheoppositeC°P of a categonC is defined by settingC°| = |C| andC°P(A, B) = C(B, A).
A morphismf : A — A’ is anisomorphismif it has an inverse, i.e. if there is a (necessarily unique)
morphismg : A’ - Awithgo f =idaandf og=idu.

A functor F from a categonA to a categonB consists of

1. a mappingA| — |B| of objects, where the image of an objéct |A| is denoted byFA,

2. forallA, A’ € |A|, amappindA(A, A') — B(FA, FA), where the image of a morphisime A(A, A)
is denoted by f,

such that for allA, B,C € |A| and allf € A(A,B) andg € A(B,C) we haveF(f o g) = Ff o Fg and
Fida = idga.
The third basic ingredient of category theory astural transformationsGiven two functors=, G :
A — B, a family of morphisms; = (7a : FA — GA)acja, is a natural transformation frofmto G, if, for
all morphismsf : A —» A’ of A, one has thaga o Ff = Gf ona. This situation is denoted by: A = B.
A natural transformationa) acia is anatural isomorphisnif all of its members are isomorphisms.
More specific notions will be introduced as they are needed.

3. Algebraic lattices

In this section we introduce algebraic lattices and revibeirtmost well-known characterizations in

terms of the sub-poset of compact elements and closurensystEScott continuous closure operators.
The material basically follows [9], to which we refer for tHetails of the proofs which we omit to avoid

replication. We start with a basic definition.

Definition 3.1. Consider a dcpd. An elementc € P is compactif, for every directed seD € P we
have thatc < \/ D impliesc < d for somed € D. The set of all compact elements Bfis denoted by
K(P). We usually consideK(P) to be a sub-poset ¢?.

We note the following

Proposition 3.1. Let L be a complete lattice with compact elemeatb € K(L) and least element.
ThenaV b and.L are compact.

Proposition 3.1 contains important information about ttnecture of the sub-poset of compact ele-
ments of a complete lattice. The following definition makes properties oK(L) precise.

Definition 3.2. A posetS is ajoin-semilattice if any two elements, b in S have a least upper bound
a Vv b. Dually, in a meet-semilattice any two elements have a gst&wer bound.
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We conclude that the pos&f(L) of compact elements of a complete lattice is a join-setrgkat
with least element under the orderlafHowever, for a full characterization we shall also be iested
in the opposite direction, i.e. given a join-semilatticeg would like to construct a complete lattice.
The right tool for this endeavor is that afeal completionintroduced next. Given a set we define
IX ={y | there isx € X such thaty < x} and7TX = {y | there isx € X such thatx < y}; a set is called an
upper (respectivelylower) set if X = X (respectivelyX = | X). Upper and lower sets of singleton sets
{x} are denoted bgx and|x, respectively.

Definition 3.3. Consider a partially ordered st A subsetl C P is anidealif it is a directed lower set.
Theideal completionidI(P) is the collection of all ideals d? partially ordered via subset inclusion.

Note that lower set$x are always ideals—thprinciple idealsgenerated by the elemert On the
other hand, the empty set is not an ideal, since directednsetd to be non-empty. We see below that
the ideal completion of any join-semilattice with leastreémnt is a complete lattice. However, not all
complete lattices arise in this way. The next definition ptes the appropriate characterization.

Definition 3.4. A complete latticeL is analgebraic lattice if for every elementx € L, we havex =

V (IxNK(L)).

One can easily see from Proposition 3.1 that any set of thm forn K(L) is necessarily directed.
Now we are ready to state the important

Theorem 3.1. ([9] Proposition 1-4.10)
Let L be an algebraic lattice and I8tbe a join-semilattice with least element.

1. K(L) is a join-semilattice with least element, where the ordenduced by that given ol.
2. 1dI(S) is a an algebraic lattice, where meet is given by set-iatdien.

3. Sis order-isomorphic t&(IdI(S)) via the isomorphisnf : S — K(IdI(S)) : a+— |a.

4. L is order-isomorphic tadI(K(L)) via the isomorphisng : L — IdI(K(L)) : X — |xn K(L).

This result demonstrates that we can represent any algdatiéce—up to isomorphism—by an ap-
propriate semilattice and vice versa. We subsequentlyirobtaumber of alternative characterizations
from this statement and its proof. A first observation is thaéorem 3.1 assures that every algebraic
lattice is isomorphic to a lattice of sets. More preciseby, &n algebraic latticé., we established an
isomorphism to a subset of the powerset of its compact elen#t). Now one may ask how to char-
acterize those substructures of powersets which yieldbedge lattices. The tool for this purpose are
closure operators.

Definition 3.5. Consider a poselP and a functionc : P — P. Thenc is a closure operatorif the
following hold for all elementx,y € P

1. ¢(X) = c(c(X)) (cis idempotent)
2. x < ¢(X) (cis inflationary)

3. x < yimpliesc(x) < c(y) (cis monotone)
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A closure operatoc is algebraicif it is moreover Scott continuous.

An important result about this kind of operators is that thag be characterized completely by their
images, thelosure systemgxplicitly, we have the following.

Proposition 3.2. ([9] Proposition O-3.13)

Let L be a complete lattice and letbe a closure operator dn Thenc preserves arbitrary infima.
Especially, its image(L) = {c(X) | x € L} is closed under arbitrary infima in. Conversely, any subset
C of L that is closed under arbitrary infimalninduces a unique closure operatorith imageC, given
byc:L-sL:x— AfyeC|x<y}

In Theorem 3.1(2) it was shown that the set of ideals is clasetbr arbitrary intersections. By the
above proposition this assures thdl{S) is a closure system orP2which can be uniquely characterized
by a closure operator. However, not every closure systerg&beaic, such that a further restriction on
the class of closure operators is required. It turns out3icatt continuity (see Definition 2.3) is what is
needed to further extend the representation of algebrtiicda.

Theorem 3.2. ([9] Corollary 1-4.14)

Any algebraic lattice is isomorphic to the image of an algebraic (or Scott contis)@losure operator
on the powerset'4Y). The operator is given by assigning to any set of compactsetist ideal which
contains this set. Conversely, the image of any such cldsiae algebraic lattice, where the compacts
are exactly the images of finite sets of compacts.

This gives us a third characterization of algebraic latti€@ne is tempted to develop a similar state-
ment for join-semilattices with least element. Indeed, almgure operator on the semilattice of finite
elements of a powerset can uniquely be extended to a Scdihgous closure on the powerset. How-
ever, it is not true that all join-semilattices are imageloture operators on the semilattice of finite
subsets of some set. This is easy to see by noting that argctofi of finite sets can only have finite
descending chains, i.e. it satisfies tfescending chain conditigigee [8]). Yet there are join-semilattices
with least element that do not have this property, like faraple the non-negative rational numbers in
their natural order. What we can say is the following.

Corollary 3.1. For any join-semilatticeS with least element, there is a closure operator2S — 25,
such thatS is isomorphic to the image of the finite elements &fuhderc. Conversely, the finite-set
image of any closure operator on a powerset is a join-seinéatith least element.

Proof:

Note that any closure operatoron a powerset induces a unique Scott continuous clasurg setting
c'(X) = U{c(A) | A € X, Afinite}, wherec’ agrees withc on all finite sets. Then combine Theorems 3.1
and 3.2, especially the characterization of compact clesédets. O

The significance of this statement will become apparent ati@e5.
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4. Approximable mappings

So far we only provided object-level correspondences batvadgebraic lattices and join-semilattices.
We supplement this with suitable morphisms which turn thre¢stions into an equivalence of the re-
spective categories. On the side of algebraic lattices typieally employs Scott continuous functions
to form a categonAlg. This definition leads to a rather advantageous propertgehgcartesian closed-
ness which will be discussed in the next section. The aim of th@sti®n is to identify a notion of
morphism for join-semilattices that produces a categorickvis equivalentto Alg.

Definition 4.1. Consider categorie&A andB. An equivalence of categories andB is constituted by a
pair of functorsF : A — B andG : B — A, together with a pair of natural isomorphisms GF = ida
ande : FG = idg, where i¢h and ids denote the identity functors on the respective categories.

It is well-known that a functoF : A — B that is part of an equivalence of categories must be
full andfaithful, i.e. there must be a bijection between the hom-8€£s A) (the set of all morphisms
from A to A’) and B(FA, FA’). Thus our next goal is to define a set of morphisms betweeh paic
of join-semilattices which corresponds bijectively to #&t of Scott continuous mappings between the
associated algebraic lattices. It is easy to see that weotampect to use functions for this purpose for
mere cardinality reasons: the set of compacts can be sigmifycsmaller than its algebraic lattice. This
problem was already solved by Scott in the closely relatsg od hisinformation systemf21], which
we shall also encounter later on. The idea is to shift to aigpset of relations, calledpproximable
mappings To our knowledge, the notion of approximable mappings lwis/et been introduced to the
study of join-semilattices, so we spell out the details.

Definition 4.2. Consider join-semilatticeS andT with least elements s and_Lt, respectively. A rela-
tion~» C S x T is anapproximable mappingd the following hold:

(aml) a~ L1 (non-emptiness)

(am2) a~ banda~» by impliesa~» b v b/ (directedness)

(am3)ac< a,a~ b, andb’ < bimply @ ~ b’ (monotonicity and downward closure)
for all elements, & € S andb, b’ € T. This situation is denoted by writin§ ~> T.

The labels for the above properties already indicate thaipgse: for every elememat € S the set
{be T |a~» b}isanideal ofT and the resulting assignme®t— 1dI(T) is monotone. It is now rather
obvious how this encodes Scott continuous functions: Tlag@mf a compact element is given explicitly
via the ideal of compacts which approximates it. The imaga nbn-compact element is obtained by
representing it as directed supremum of compacts and agp8cott continuity.

Some easy checks show that join-semilattices with leagtezie together with approximable map-
pings indeed constitute a categ@gm,, where composition of morphisms is defined as the usual com-
position of relations. Thus for two approximable mappifgs»1 RandR~», T, one defines

~p0~»q = {(S,t) | there isr e Rsuch that §,r) € ~1 and §,t) € ~»}.

Clearly, ~, o ~»1 satisfies (aml) sinca ~»1 Lr and Lr ~» L. Likewise, under the assumptions
of (am2), one finds intermediate values’ € Rwith a ~»1 r ~» banda ~; 1’ ~5 b, By (am2)
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a~» rvr,andby (@am3y vr ~;, bandr vr’ ~;, b'. Hencea ~»1 r v I’ ~5 b v b’ by another
application of (am2). Finally, suppose the assumptiongdor3) hold for~, o ~»1. Then there is € R
such thata ~; r ~»» b and hence’ ~»1 r ~, b as required. The identity morphism on a semilattice
S € |Sem,| is just its greater-or-equal relatigrs. The fact that this yields an identity under relational
composition is just statement (am3). Associativity is iiteel from relational composition.

Lemma 4.1. The object mappingsll andK from Section 3 can be extended to morphisms as follows. For
any approximable mapping € S x T, defineldl(~) : IdI(S) — IdI(T) asldI(~)(l) = {b | there isa €

| with a ~ b}. For any Scott continuous mappirfg: L — M, defineKf < KL x KM by setting

Kf ={(a,b) | b < f(@)}. These definitions produce functdds : Sem, — Alg andK : Alg —» Sem,.

Proof:

To see thatdl is indeed well-defined, observe that for aamyg S, Idl(~)(la) = {b | a ~ b}, by (am3).
This set has already been recognized as an ideal, and ke is well-defined for the compact ele-
ments ofidI(S). By algebraicity, any idedl is equal to the directed unidn,, la, and hence, observing
thatldl(~) preserves all unionsdi(~)(1) = U4 IdIi(~)(la). This observation shows that, as a directed
union of ideals]dI(~)(l) is an ideal, and thatl(~») is Scott continuous.

It is immediate thatdl(~») maps the identity approximable mappmgo the identity function. To see
that it also preserves composition, note that Scott comyiriows us to restrict to the case of principal
ideals. Thus consider two approximable mappiBgs»; RandR ~», T and some principal idedla,

a e S. We computéldi(~»2)oldl(~1))(la) = IdI(~2){r | a~»1 r} = {b| there isr with a~»1 r andr ~»;
b} = {b| a(~>2 o ~1)b} = IdI(~>2 0 ~>1)(la).

Now clearlyKf has properties (aml) to (am3). For functoriality considestScontinuous functions
f:L—> Mandf, : M — N. Itis easy to see that fax € KL andc € KN, whenever there is
b € KM with b < fi(a) andc < f,(b), one hag < f,(f1(a)). Since the converse also holds, we find that
K(foo f1) ={(a,c) | c < fo(f1(a))} = {(a c) | there ish € KM with b < fy(a) andc < fa(b)} = Kfp o Kfy.
Finally, applyingK to the identity function clearly yields the identity appimable mapping. O

We finish this section by showing the expected categoricaivatgnce:
Theorem 4.1. The functorddl andK of Section 3 yield an equivalence of the categoA&s andSem,.

Proof:

For an algebraic lattick let . : L — IdI(K(L)) : X —» |xn K(L) be the isomorphism as established in
Theorem 3.1. Now consider an algebraic lattMeand a Scott continuous functidn: L — M. For any
elementx € L, IdI(K(f)) maps the idea}, (X) to the ideakb | there isa € K(L) with a < xandb < f(a)}.
Since Scott continuity guarantees that the supremum dfallis f(x), this is just the sefwm (f (X)) of all
compacts below (x). Consequentidi(K(f)) (7L (X)) = nm(f(X)), i.e.n is a natural transformation.

For a join-semilatticeS with least element, we defirg C S x K(1dI(S)) by settinges = {(a,1) | | C
la}. From Theorem 3.1 we derive that every compact ideslof the form|b, hencees = {(a, [b) | b <
a}. It should now be obvious that is an isomorphism whose inverse is given{fijb, a) | a < b}. For
naturality ofe, consider some approximable mappfagw T. We computeK(ldi(~)) o es = {(a, b) |
thereisa’ € Switha’ < aand (&, |b) € K(ldI(~))}. Expanding the condition| &', |b) € K(ldI(~»)),
we find it equivalent tg b C Idi(~)(la"), which in turn is trueff |b C {t | & ~» t}, exploiting the fact that
l& is compact. Finally, by (am3) this is equivalentao~ b, and we obtairK(Idl(~)) o es = {(a, |b) |
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a~» b}, again by (am3). On the other hanrdl,o ~ = {(a, |b) | there isb’ € T with a~» b” andb < b’}.
Using (am3) once more, this evaluates{fa, |b) | a ~ b}, which finishes the proof of naturality of
€. O

5. A cartesian closed category of formal contexts

Formal concept analysis (FCA, [10]) is a powerful lattiGsbd tool for symbolic data analysis. In
essence, it is based on the extraction of a lattice—cdtemal concept lattice-from a binary rela-
tion calledformal contextconsisting of a set of objects, a set of attributes, and aidence relation.
The transformation from a two-dimensional incidence tdbla lattice structure is a cruciphradigm
shift from which FCA derives much of its power and versatility as adeling tool. The concept lat-
tices obtained this way turn out to be exactly the compléteés, and the particular way in which they
structure and represent knowledge is very appealing anglatditom the perspective of many scientific
disciplines.

The successful applications of FCA, however, are mainliricésd to finite contexts and finite con-
cept lattices, since infinite complete lattices generatlyndt lend themselves for practical implementa-
tions. Yet, infinite structures are highly relevant for numes concrete tasks in knowledge representation
and reasoning: model theories of logic programs, computatomains in functional programming, and
class hierarchies in ontology research are some typicahpbess. In order to make methods from FCA
available in these application areas, we suggest an ietatpn of formal contexts based solely on
finitely representable knowledge, thereby obtaining a niab and computationally feasible represen-
tation of infinite data-structures. Irffect, we establish a systematic connection between fornmaiegd
analysis and algebraic lattices, and thus with domain thE}r as a categorical equivalence, enriching
the link between the two areas as outlined in [31]. This ldads category of formal contexts that we
now show directly to be cartesian closed.

Definition 5.1. A formal contexis a structuré® = (O, A, ), whereO andA are sets, angt C Ox Aisa
binary relation. In this case the memberspére calledobjects the members oA are calledattributes
and is viewed as alincidence relatiorbetween these two. Accordingly, one says that an olgjéwts
property awheneverw E a, i.e. (0,a) € k.

Functionsap : 2° — 2% andwp : 2% — 2° are defined by settingp(X) = {ac A|oE aforalloe
X} andwp(Y) = {0 € O| 0 = aforall a € Y}.1 If the context is clear, we omit the subscript from these
maps. We also abbreviateo w by aw etc. as is customary in category theory.

Intuitively, « yields all attributes common to a set of objects. Converseinaps a set of attributes
to all objects that fall under all of these attributes. It imightforward to show that and w form
an antitone Galois connection between the powerset Iattiteis is usually exploited for constructing
closure operators o w : 24 — 22 andw o o : 2° — 2°. It turns out that the closure systems for both of
these are dually isomorphic, the isomorphisms being giyem éndw.

For studying these closure systems, we can therefore faguatiention on the map o w. Sets of
attributes that are closed with respect to this operatocated (attribute) concepts in the literature. FCA
builds on the fact that the collection of all concepts of aiweg formal context is a complete lattice, and

Yn FCA, ap(X) is usually written as<’, andwe(Y) is similarly written asY’. We feel that for our treatment a more explicit
notation is more convenient.
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that all complete lattices can be obtained this way. Thitieaiship is mediated by the closure system
on 2% induced by the mappingw. We take a slightly dferent approach and focus our attention on the
operation ofxw onK(2%), the join-semilattice with least element given by the &rstibsets oA. It turns

out that this way we obtain all complete algebraic lattiaestéad of all complete ones. Corollary 3.1

suggests the following.

Corollary 5.1. For every formal context = (O, A, ), the seSem(P) = aw(K(2%)) is a join-semilattice
with least element. Conversely, every such semilattice(oprto isomorphism) be represented in this
way.

Proof:

In spite of our earlier considerations, we give the easyctljpeoof. For two finite setX andY, aw(XUY)

is the least closed set that contalKi®ndY, and thus alsaw(X) andaw(Y). Henceaw(X) Vv aw(Y) =

aw(X UY). The first part of the proof is finished by noting thab(0) is the least closed set.
Conversely, for a join-semilattice with least elem&ntconsider the contex$( S, >). Then for any

finite X C S, aw(X) is the set of all lower bounds of all upper bounds<oBut this is easily recognized as

1V X. Note that the least upper bound of the empty set is just &8t dement. The obvious isomorphism

betweersSS and the semilattice{{s| s € S}, C) sufices to complete the proof. O

By Theorem 3.1 the above shows that every algebraic latacebe represented by some formal
context and vice versa. To make this explicit, we can extbedctosure operator of Corollary 5.1 to a
Scott continuous closure operator dh @s done before in the proof of Corollary 3.1. In this way we ca
recover the following result from [34].

Corollary 5.2. Consider a formal conteft = (O, A, =) and the mapping : 2* — 2% : x = J{aw(X) |
X C x, Xfinite}. ThenAlg(P) = c(2”) is an algebraic lattice and every algebraic lattice is isfftwm (up
to isomorphism).

Proof:

Clearly, c is just the unique Scott continuous closure operator indlumea o w as in Corollary 3.1.

By Theorem 3.2 its closure system is indeed an algebraicdaor the other direction combine Theo-

rem 32 and 3.1 to see thaf2”) is isomorphic to the ideal completion 8em(P). Since every algebraic

lattice is of this form for some join-semilattice with le&gément, the claim follows from Corollary 5.1.
O

Closed sets with respect to the operatfnom the above proposition have been termpgroximable
conceptsn [34]. Naturally, it is also possible to extend this redolta categorical equivalence. For this
purpose we define a categdyt of formal contexts. The morphisms between two cont&aandQ are
defined by settin@xt(P, Q) = Sem,(Sem(P), Sem(Q)).2 The following is readily seen.

Theorem 5.1. The categorieSem, andCxt are equivalent.

2In [13] a slightly diferent definition of morphisms is given. In the formulationegi there, the corresponding approximable
mapping is not defined on the closed sg&n(P) but on all finite attribute sets. We get a context morphisrthia sense by
extending our approximable mappings, relating two finits g&their closures are related.
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~p P
S I
X
~Q Q

Figure 1. The product construction@xt.

The functors needed for this result are obvious: on the oligeel, we obtain suitable mapping from
Corollary 5.1, and the situation for morphisms is triviahelconstruction of the natural isomorphisms is
similar to the one o€ in Theorem 4.1, where the identity approximable mapping madified using the
given order-isomorphism of the semilattices.

In the remainder of this section we investigate the categbdonstructions that are possible within
the categoried\lg, Sem,, andCxt, where the latter will be the explicit object of study. BesaCxt is
equivalent taAlg, we know that it iscartesian closedWe make the required constructions explicit in the
sequel, and thus give a mostly self-contained proof of semeclosedness @xt.

Definition 5.2. A categoryC is cartesian closedf it has all finite products, and there is a func@? x
C — C: (A B) — B*and a natural bijection between the hom-g&ta x B, C) andC(A, CB).

Exact requirements for showing each of these propertidso@ibiven in the respective proofs and
statements. We first consider the empty product, i.e. thmitat object, which turns out to be given
by the formal contexd = (0,0,0). Indeed, for every formal conte®t = (O, A, E) there is a unique
approximable mappin® ~» 1 that relates every finite subset Afto the empty set. The situation for
binary products is not much morefidcult.

Proposition 5.1. Consider two formal context® = (Op, Ap, Ep) andQ = (Oq, Ag, ), and define a
formal contextP x Q = (Op W Oq, Ap W Ag, (Fq) ¥ (Fp) W (Op X Ag) W (Og x Ap)), wherew denotes
disjoint union.

ThenPxQ is the categorical product #fandQ, i.e. there are approximable mappings: PxQ — P
andrg : P x Q — Q such that, given approximable mappings and~»q as in Figure 1, there is a
unique approximable mappirg->p, ~q) that makes this diagram commute.

Proof:
Since context morphisms are defined with reference to theceu semilattices, we first look &em(P x
Q). It is easy to see that concept closurePir Q is computed by taking disjoint unions of closures in
P andQ, i.e. for setsX € Ap andY < Ag, one finds thatrw(X ¥ Y) = aw(X) W aw(Y). Hence every
element ofSem(P x Q) corresponds to a unigue disjoint union of elementSah(P) andSem(Q).

We can now define the projections by settingy{ Y, X’) € #p iff X’ € X and X w Y,Y’) € nq iff
Y cY,forall X, X’ € Sem(P) andY, Y’ € Sem(Q). It is readily seen that these morphisms satisfy the
properties of Definition 4.2.
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Now considerwp and~q as in Figure 1. We define the relatignsp, ~>q) by setting Z, X w Y) €
(~op,~q) iff Z~p XandZ ~q Y, for all conceptsX, Y, Z from the corresponding semilattices. Again
it is easy to check the conditions of Definition 4.2, since/tfidlow immediately from the corresponding
properties of»p and~»q. Furthermore, if there iX w Y € Sem(P x Q) with (Z, Xw Y) € (~p,~q)
and X WY, X’) € np thenZ ~»p X’ by the definition ofrp and (am3). Conversely, & ~»p X’ then
one finds thaX’ v aw(0) € Sem(P x Q) yields the required intermediate element to show tAaX{() €
np o (~>p,~>q). Since a similar reasoning appliesteg, Figure 1 commutes as required.

Finally, for uniqueness of-p,~q) considerR ~» P x Q with 7p o ~» = ~»p andng o~ = ~q. If
Z~ XY, then ¢ X) € np o~ and henc& ~»p X and, by a similar reasoning,~q Y. Conversely,
if Z~»p X then there must be som€ andY’ such thaiX € X’ andZ ~» X’ v Y’. By (am3) this implies
Z ~ XwY’'. The same argument can be appliedt@. Thus wheneveZ ~p X andZ ~q Y, there
areX’ andY’ with Z ~ X @Y andZ ~ X’ @Y. Invoking properties (am2) and (am3) fes, this
shows thaZ ~» X @ Y. We have just shown that ~ Xw Y iff Z ~p X andZ ~q Y, and hence that
~ = (~p,~>q) as required. O

The above product construction is also known in formal cphemalysis as thdirect sumof two
contexts [10]. However, it is not the only possible specifaraof the products irAlg. For each formal
contextP = (Op, Ap, p), we define a context* = (Of, AL, Ep+), whereOf = Op U {g} andA] =
Ap U {m}, with g andm being fresh elementg; ¢ Op andm ¢ Ap. For defining the incidence relation,
we seto =p+ awheneveio Ep a (requiring thata € Ap ando € Op) or o = g ora = m. ThusP* emerges
from PP by “adding a full row and a full column.”

Now letP = (Op, Ap, Ep) andQ = (Ogq, Ag, Eq) be formal contexts. Define a new formal context
PRQ = (OE X 05, AE X AB, |:P><Q) of PandQ by setting 01,02) }:PXQ (al,az) iff o1 Ep+ a1 and
02 Eq+ @. This turns out to be an alternative description of the pot&lin Cxt.

Proposition 5.2. Given arbitrary formal context8 = (Op, Ap, Ep) andQ = (Oq, Ag, ), the contexts
P x Q andP ® Q are isomorphic irCxt. Equivalently,P ® Q is the object part of the categorical product
of PandQ in Cxt.

Proof:

The required isomorphism corresponds to an iso approxenaiglpping between the two semilattices
Sem(P x Q) andSem(P ® Q). The elements of the former were already recognized aginligjnions of
concepts fronP andQ. In the latter case, concepts are easily recognized as gsodticoncepts from

P* andQ*. Adding the additional elements andg guarantees that neither of these extended formal
contexts allows for the empty set as a concept, so that eanteal ofSem(P ® Q) is indeed of the form

X x'Y for two uniquely determined concepts= aw(X) € Sem(P*) andY = aw(Y) € Sem(Q*).

We define a relation»™ € Sem(P x Q) x Sem(P ® Q) by settingX ~* Y wheneverp;(Y) N Ap C X
andpz(Y) N Ag € X, wherep; denotes the projection to ti components in a set of pairs. Conversely,
a relationr~~ € Sem(P ® Q) x Sem(P x Q) is specified by settiny ~~ X wheneverX N Ap C p1(Y)
andX N Ag < pa(Y).

We claim that~»* and~»~ are mutually inverse approximable mappings betwgem(P x Q) and
Sem(P®Q). The properties of Definition 4.2 follow immediately fromruse of set-theoretic operations
in the definitions. Furthermore it is easy to see @t~ o ~*) X" implies X’ C X for any two elements
X, X" € Sem(P x Q). The converse implication also holds, which can be coredufiom the obvious
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relationshipsX ~* aw(X N Ap) X aw(X N Ag), aw(X’ N Ap) X aw(X' N Ag) ~~ X', andaw(X" N Ap) X
aw(X'NAQ) € aw(XNAp)xaw(XNAg). Hence~~ o~»* is indeed the identity approximable mapping.
A similar reasoning shows that the same is true~fof o ~»~, thus finishing the proof.

Finally, the assertion that this makesan alternative product construction is a basic fact fronecat
gory theory. The required projections are obtained by caimge->~ with the projections from the proof
of Proposition 5.1. O

The construction of exponentials @xt turns out to be slightly more intricate. To fully understand
the following definition, it is helpful to look at the functiospaces imAlg. These are just the sets of
all Scott continuous maps between two algebraic latticaleuthe pointwise order of functions. The
standard technique for describing the compact elementsifttice are so-callestep functionsGiven
two algebraic latticed and M and two compacta € K(L) andb € K(M), one defines a function
la= bl : L - M, that maps an elememntto b whenevera < x, and toLy otherwise. It is well-known
that any such step function is Scott continuous and compatiei function space df andM (see [9]).
However, not all compacts are of this form, since finite janistep functions are also compact maps
that can usually take more than twdfdrent values.

Our goal is to construct a formal context that representgdimesemilattice of all compact Scott
continuous functions in the sense of Corollary 5.1. Intei, the collection of all step functions suggests
itself as the set of attributes. Finitely generated corscepbuld represent finite joins of step functions,
which in turn correspond bijectively to lower sets with respto the pointwise order of step functions. In
order to obtain a formal context that yields this lower cleswne is tempted to take some subset of Scott
continuous functions for objects, and to employ the inwkegeintwise order as an entailment relation.
This is indeed feasible, but our supply of step functionodahately is insfficient to serve as object set
in this case. We end up with the following definition:

Definition 5.3. Consider two formal contexi® andQ, and the set&\ = Sem(P) x Sem(Q) andO =
Fin(A). A formal context P ~ Q] = (O, A, E) is defined by setting(a;, b))} E (a,b) iff b C \/{bj | & C
a}, where\/ is the join operation from the semilatti@&m(Q).

This definition derives from the above discussion by reprisg step functionga = b| via pairs
(a,b).2 Hence, the approximable concepts Bf {> Q] as obtained in Corollary 5.2 are sets of such
pairs, i.e. relations betweeem(P) andSem(Q). The reader’s suspicion about the true nature of these
relations shall be confirmed:

Lemma 5.1. Given context® andQ, the algebraic lattick = Alg[P ~ Q] of approximable concepts
of [P ~ Q] coincides with the lattice of all approximable mappingsnfrP to Q, ordered by subset
inclusion.

Proof:

Consider any approximable concept L. Definition 5.3 implies that the pairs of arbitrary elements
a € Sem(P) and the least element &em(Q) are modelled by any object oP[~ Q], i.e. (am1) of
Definition 4.2 holds forx. For (am2), assumeyb;) € x and @, b,) € x. Following the construction in
Corollary 5.2, one finds thatw({(a, b1), (a, b2)}) € x. However, for any objeab of [P ~ Q], 0 (&, b1)

3This correspondence is not injective. In fact, the cont@tp Q] in general contains both duplicate rows and duplicate
columns.
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ando E (a, by) clearly implieso E (a, by vby), by expanding the definition ¢, and thus4, by vb,) € x.

Finally, for (am3) consider some,[) € x, @ 2 a, andb’ C b. Clearly, we haverw({(a, b)}) € x. The
definition of F shows immediately that every object that modeald) must also modeld, b’), and thus
(&,b) € aw({(a, b)}) as required.

For the converse consider any approximable mapping Q. We show that» € L. Given any finite
subsetX = {(a;, bj)} € ~, one finds thaK k (an, by) for all (an, b,) € X. ThusX € w(X) and, whenever
(a,b) € aw(X), one also haX = (a,b), i.e.b < \/{b; | a; € a}. DefiningJ = {j | a; C a}, one finds that
for everyn € J, an € \/{aj | ] € J} and hence/{a; | j € J} ~ b, by (am3). Sincel is finite, one can
employ an easy induction to show thgta; | j € J} ~ \/{b; | j € J}, where the casé = 0 follows from
(am1) and the induction step uses (am2). Obvioyslg; | j € J} € aandb € \/{b; | j € J}, and hence
a~» b by (am3). This shows that> is an approximable concept. O

The above considerations shed additional light on appralsienmappings in general: they can in
fact be viewed as lower sets of step functions, the joins a€lwhniquely determine an arbitrary Scott
continuous map between the induced algebraic lattices.eviank that this also hints at an alternative
formulation of the constructions in Lemma 4.1.

It remains to show that the above construction does indegld @i function space in the sense of
category theory:

Proposition 5.3. The construction§ ~» -] yields the categorical function space of the two contexts,
i.e. for all context®, Q, andR, there is a bijection between the s€st(P x Q, R) andCxt(P, [Q ~ R]),
and this bijection is natural in all arguments.

Proof:
Our earlier results can be employed to simplify this prodfe Glgebraic lattices associated with the above
contexts is denoted by = Alg(P), M = Alg(Q), andN = Alg(R), and we write M — N] for the lattice
of all Scott continuous functions fro to N, ordered pointwise. The categorical equivalences between
Cxt, Sem,, andAlg (Theorem 4.1 and Theorem 5.1) and the categorical role giritduct construction
Q x R (Proposition 5.1) establish natural bijections betweensgtsCxt(P x Q,R) andAlg(L x M, N),
whereL x N is the standard product order. Likewise, using the samevalgmices and the bijection of
function spaces from Lemma 5.1, one finds another naturettimp betweerCxt(P,[Q ~ R]) and
Alg(L, [N — M]).

The proof is completed by providing the well-known natungdtion of the setf\lg(L x M, N) and
Alg(L,[N — M]). This standard proof can for example be found in [9]. O

Summing up these results, we obtain:

Theorem 5.2. The categorie#lg, Sem,, andCxt are cartesian closed.

Proof:
Cxt was shown cartesian closed in Proposition 5.1 and Propogti3. Closure of the other categories
follows by their categorical equivalence (Theorem 4.1 ahddrem 5.1). O

The cartesian closed categddxt which we propose here is tailored to the needs of Computer Sci
ence. It difers from the categories normally considered in formal cphagalysis by emphasizirage-
braicity, whereas morphisms listed e.g. in [10] are suitable for detepbut not necessarily algebraic,
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lattices. We also stress the fact that our novel interpogtaif formal contexts perfectly agrees with the

classical one, as long as finite contexts or lattices areiderezl, which covers most of the current FCA

applications in Computer Science. On the other hand, tfierdnt treatment of infinite data structures

displays a deviation from the classical philosophicallytivaded viewpoint towards one that respects the
practical constraints of finiteness and computability.

However, the computationally inspired treatment of inérebntexts which we propose here, comes
at the price of loosing the duality between objects andbalteis which is present in classical FCA.
Indeed, the closure systems®b w : 24 — 2* andw o a : 2° — 2° are dually isomorphic, as already
mentioned. The mapping: 2* — 2% : x » Ufew(X) | X C x, X finite} from Corollary 5.2, however,
has no such straightforward relation to the mapming® — 2° : x — (J{wa(X) | X C x, X finite}.

6. Further representations

So far, we encountered three equivalent representatigredgebraic lattices. Clearly, the hard part was
to establish the equivalence of the rather diverse categalg and Sem,. Many other equivalent cat-
egories can now be recognized by relating them to one of trese-an objective that will in general
be accomplished rather easily. A typical example for this ddeeady been given in form of the category
Cxt, that was easily seen to be equivalenStm,.

The representations given below are grouped accordingsetbbservations: we start with “logical”
descriptions that have their closest relationships to #tegoriesCxt and Sem,, and then proceed to
formulations that can be connectedily in a more natural way. Classifying representations in ttag w
is by no means arbitrary: as we will see the end of this sectan arrangement reflects the “localic”
respectively “spacial” side of a very specific case of Stamality/.

6.1. Logic and information systems

The representation of join-semilattices via formal cotgeld already incorporate some logical flavor:
approximable concepts can be viewed as sets closed undeain @ntailment relation. Scott continuity
of this closure is reminiscent of the compactness propdrgylogic. However, we will see that a much
closer connection to some very well-known logics can be ma@He reader is referred to [7] for related
considerations.

Definition 6.1. Given a sefA of propositions, the set of well-formambnjunctive propositional formulae
< (A) overAis given by the following expression:

FA) = T | acA | (L(A) AL (A)

Arelation+ C .7(A) x .#(A) is aconsequence relatioof conjunctive propositional logiadP logic) if
it is closed under application of the following rules:

FrG, GrH
Fr(GAH) F+(GAH) FrG FrH
~Fre WY g W2 Ry B9
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In this case f(A), +) is called adeductive systerfof CP logic). For any two formula&, G € .¥(A), the
situation wherd= + G andG + F is denoted~ ~ G.

Hence deductive systems are logical systems of the coiyenftegment of propositional logic,
together with a (not necessarily minimal) consequencdioelal he following properties are easily ver-
ified.

Lemma 6.1. Consider a deductive systen¥(A),+). The following hold for all formulae~, G, and
H e (A):

e (FAG)AH) =~ (FA(GAR))
e« (FAG)~(GAF)

e Fx(FAF)

e Fx(FAT)

Hence we see that the rules (W1), (W2), and (And) imply assiwity, commutativity, and idempo-
tency ofA. Furthermore, occurrences ofcan be eliminated. Consequently, we henceforth write fermu
lae of CP in the formai; A ax A ... A &, (& € A), knowing that this determines a set of “real” formulae
up to proof-theoretic equivalence. Additionally, for thessen = O the above expression is interpreted as
the singleton sefT}. Any statement about formulae in this notation represdmscorresponding set of
statements about the original formulae. We can now congiidealgebraic semantics (see [7]) of these
logics. This is based largely on the following notion:

Definition 6.2. Consider a deductive systen¥(A),+). The Lindenbaum algebraf (. (A),+) is the
poset obtained from the preorde#’(A),+) through factorization by the equivalence relatisni.e.
[F]l« < [G]. iff F + G. The Lindenbaum algebra is denotedlU®(.~ (A), +).

Hence the Lindenbaum algebra is a partially ordered setefuivalence classes of formulae, or-
dered by syntactic entailment. Since it can cause hardlycanfusion, we take the freedom to denote
equivalence classes by one of their representatives orlgvéme simplified notation introduced above.
Of course, this creates possible ambiguity between theinotipn symbol and the meet operation within
the Lindenbaum algebra. The following lemma shows thatighi®t a problem.

Lemma 6.2. Consider a deductive systen¥(A),+) and formulaeF, G € .#(A). Then F]. A [G]x =
[F AGl..

Proof:
We have to show thd& AG+ F, F A G+ G, and that for any formul#&l such thaH + F andH + G, we
find H v F A G. These assertions are obvious consequences of the presfai@P. O

Since the meet operation yields a unigue result, this shbatsit ~ F” andG ~ G’ imply F A
G ~ F’ A G/, which is just theReplacement Theorefi] for CP logics. We state the now obvious
representation theorem:
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Theorem 6.1. For any deductive systemA(A),+), the Lindenbaum algebreA(.#(A),+) is a meet-
semilattice with greatest element. Conversely, every sechilattice is isomorphic to the Lindenbaum
algebra of some deductive system.

Proof:
Lemma 6.2 already showed the existence of binary meets. Weum®e the first part of the proof by
noting that [T]. is the required greatest element.

For the converse |6 be a meet-semilattice with greatest element. We define a&qaersce relation
F on.(S) by setting, for allag, ap,...,an, b1, b,....bneS,asAaA...AanFbiAby A ... ADby
wheneverag Aax A...Aay < bg Ao A ... Abm One can easily check that this definition satisfies all of
the required rules. Note that (T) follows by our conventiomdpresentr by the empty conjunction. To
reduce confusion, we denote meet$Siby A and meets iLA(Z(S),+) by A~.

We claim thatS is isomorphic td_A(-(S), +). Indeed, consider the mappinfis S — LA(.Z(S),+)
andg : LA(Y(S),+) — S defined by setting (a) = [a]. and, for propositions;, 1 <i <n, g[Ax &~ =
A @. To see thag is well-defined, note that for any two formulae. a;, A . b; € 7(S) we have that
A~ a = A\ Dbj (in (S)) implies A & = A bj (in S) by the definition of-.

Finally, we show thag and f are inverse to each other. By what was said abgy&a)) = ais
immediate. On the other hand, any formula a; is syntactically equivalent t@\ g by the definition of
+. This shows bijectivity off andg. Monotonicity of both functions is obvious from their defioh. 0O

This relationship closes the gap to our prior categ®em,, since the above meet-semilattices are
just the order duals of the objects within this category. Byapproximable mapping between two meet-
semilattices with least element or two deductive systen@Pdbgic, we mean an approximable mapping
between the induced join-semilattices. The following isnadiate.

Theorem 6.2. Consider the categoriedem, and CCP of meet-semilattices with greatest element and
deductive systems @P logic, respectively, together with approximable mappiagsnorphisms. Then
Sem,, Sem),, andCCP are equivalent.

The insights just obtained allow to relate our study withulssobtained in [12, 11], where the
conjunctive fragment of the logic RZ (introduced in [20])asvfound to be closely related to concept
closure in FCA. We derive a very similar result, but some grapions are needed first.

An algebraic cpo Dis a dcpo with least element such that everg € D is the directed supremum
of all compact elements below it. @oherent algebraic cps an algebraic cpo such that, with respect to
the Scott topology (see Definition 6.4), the intersectioamf two compact open sets is compact open.

These notions can be found in [20], along with a charactéoizaf the Smyth Powerdomain of any
given coherent algebraic ci® by means of a logic defined dp, which we call thdogic RZ We will
only be concerned with the conjunctive fragment of RZ, whielm be given as follows. For compact
elementscy, ..., Ch, 01,...,dnWe writecy A ... ACq F di A ... A dny iff any minimal upper bound of
{C1,...,Cn} is above alld;. This way, we obtain a deductive systeK(ID),+), and the following result,
which is related to those in [12, 11], and such consideratiware put to use in [11] for developing a
generic non-monotonic rule-based reasoning paradigmtogearchical knowledge.

Theorem 6.3. Let P = (O, A E) be any formal context. Then there is a coherent algebraadicpnd
a mapping. : A — D such that for every finite s&X = {ai,...,a,} € A we haveaw(X) = {a |
(a) A...Aan) F (@)}
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Proof:
DefineD = Alg(P) and set(a) = aw({a}) for a € A. SinceD is a complete algebraic lattice, it is a
coherent algebraic cpo.

Now consider the finite se{ as above. Using the completeness of the lattice, we obtain(¥) has
aw(X) as supremum, which fices. O

The diference between Theorem 6.3 and the results in [12, 11] lidmeifact that the latter were
proven by takingD to be a sublattice of the (classical) formal concept latticstead ofAlg(PP), which
facilitates reasoning with formal contexts in a natural way

Finally, we come to another popular description of algebtaitices, that fits well into the above
discussion, and will also shed additional light on morptasshCCP.

Definition 6.3. Consider a structure( ), whereA is a set, and- € Fin(A) x A is a relation between
finite subsets oA and elements of. Then @, Ir) is aScott information systeifwith trivial consistency
predicate) if the following hold:

(IS1) ae XimpliesX I+ a,
(1S2) if X+ yforally e YandY + a, thenX I a.

Scott information systems were introduced in [21] as a llgaharacterization of order structures
arising in denotational semantics. The connectio8Rdogic is as follows.

Proposition 6.1. There is a bijective relationship between Scott informatgstems and deductive sys-
tems ofCP logic.

Proof:
Consider a Scott information syster, ). Using the sefA as propositions, we obtain the set©P
formulae” (A). A consequence relatiorfor .7 (A) is defined by settingg AaxA. . .Aan + bAoA . Abpy
whenevetas, ap, ..., an} - b foralli = 1,...m. We have to verify that is closed under the rules given in
Definition 6.1. For the casm = 0 the condition is obviously true so that we obtain axiom (ikewise,
the conditions for axiom (R) are satisfied due to conditidgiljlin Definition 6.3. Similarly, the (Cut)
rule follows immediately from (1S2). For the rules (W1), (WW2and (And), we simply notice that these
are direct consequences from our definition of

Now for the opposite direction, consider a deductive systeffA), +). Using the set of propositions
of .#(A) as attributes, we construct a Scott information systam), where we defingas, ap, ..., an} I
bwheneveiy A ax A ... A a, + b. Again it is straightforward to check that this is indeed mfoimation
system. (IS1) can be deduced from the rules (R) and itergiplitations of (W1) and (W2). Under the
assumption of (IS2), we see that the (And) rule allows us testract a conjunction that corresponds to
the premiseY of the second rule. By (Cut) this yields the required entailin

To complete the proof, we note that these two constructioesrafact inverse to each other. The
identity on Scott information systems is trivial. FOP logics, we note that any sequentrax A...Aa, +
by A by A ... A by induces via (WIYW2) the existence of sequerds A ax A ... A ay + by, for all
i =1,...,m. The original sequent can then be reconstructed from tlalem@nt of the Scott information
system induced from these relations. O
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Note that this proposition yields a bijective corresporaggmot just a relationship up to isomorphism.
Indeed Scott information systems are essentially fanient formulation of conjunctive propositional
logic, where the properties of are obtained implicitly by using sets in the first place. Th&gory
of Scott information systems and approximable mappingséde the induced semilattices is denoted
SIS*. From 6.1 one easily concludes tI8iS is isomorphicto CCP, and hence also equivalent to all
categories mentioned earlier.

Furthermore, approximable mappings betw&enlogics need not be expressed on the level of their
Lindenbaum algebras, but could be formulated directly smfdae. From this viewpoint, approximable
mappings appear as consequence relations betwéeredt logical languages. Indeed, all the require-
ments of Definition 4.2 do still have a very intuitive readmmgder this interpretation: (am1) and (am2)
correspond to (T) and (And) of Definition 6.1, respectivelhile (am3) can be viewed as a modified
(Cut) rule, that also subsumes (W1) and (W2). Hence we reze@pproximable mappings as a simple
form of multilingual sequent calcuks introduced in [14] for the more complicated caspagitive logic
(i.e., logics including conjunction and disjunction). thar details and motivation can be found therein.

We remark that one could as well have conned@®dllogic or information systems directly to al-
gebraic lattices, instead of presenting the ideal congiior semilattices of compacts. In the case of
logics, algebraic lattices are obtained directly as setsarfelsof a deductive system, where models are
considered as deductively closed sets of (true) formulhes@ turn out to be exactly the filténsithin
the corresponding Lindenbaum algebras, and the dualitgetal icompletion is immediate. The reader
may care to consult [7] for a general treatment of such nmatkar Scott information systems, algebraic
lattices are constructed similarly as setet@mentsAs defined in [21], an element of an information
system A, i) is a subsek C A such thata € x whenever there is some finite s€ic x with X i a.

Our logical considerations can also be put to practical yseling that evergefinite logic program
(see, e.g., [16]) can be expressed by a deductive systema abthve sense. This has also been mentioned
in [32]. Considering the fact that the theory of definite logrograms is quite well-developed, these
insights are merely providing some further explanationtffier situation in this field. In the light of the
connections to Stone duality outlined below and the imntedi@nnection to algebraic semantics of
logical systems, one could also further analyze the s@ndtir more expressive logical languages from
this perspective.

Note that only a small portion of Scott information systems algebraic lattices can be obtained
from definite logic programs. The reason is that there arg colintably many dferent programs, but
uncountably many Scott information systems (even for ahietsets of generators). We also remark
that, while algebraicity always makes fixed point compotatpossible in theory, the specific structure
of the information systems of logic programs is employedrisuee that the semantic operator suitable
for logic programs is indeedfectively computable.

We do not bother to give a category of logic programs, althaings could be done by adjusting the
formalism of approximable mappings. However, it is not claathe moment how the subcategory of
algebraic lattices that arises in this way can be charaeigri

“Historically, this is indeed the first context for whialpproximable mappingsere defined [21].
5A filter F is the dual of an ideal: an upper $et= TF such thai, b € F implies the existence of sonwec F such that < a
andc < b.
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6.2. The Scott topology

Next we want to study the spacial side of Stone duality. leisshwhere we find the models and their se-
mantic entailment, while thiecalic side is inhabited by syntactic representations and thewfggheory.
We already mentioned that models in our case take the sp#mificof algebraic lattices, and thus it is
natural to ask which subsets of models correspond to a llodfieary. The appropriate collection of sets
turns out to be the following well-known topology:

Definition 6.4. Consider a dcp®. A subsetO C P is Scott opernf the following hold:
1. xe Oandx <yimply y e O (Ois an upper set),
2. for any directed sdd C P, \/ D € OimpliesD n O # @ (O is inaccessible by directed suprema).

The Scott topologyon P is the collection of Scott open sets. We us@) to denote this collection and
¥(P) = (P, o(P)) for the resulting topological space.

But one can also reverse the process to obtain orders frooiotgps:

Definition 6.5. Consider a topological spac¥, ). Thent defines aspecialization (pre-)ordeg on X
by settingx < y wheneverx € O impliesy € O for anyO € 7. A topology on a partially ordered set is
calledorder consistenif its specialization order coincides with the order of theset.

For an algebraic lattice, the Scott topology has some mazeifsp properties. Recall that an open
set iscompactif it is a compact element of the open set lattice, and thapaltgy iscoherentif the
intersection of any two compact open sets is compact. Payahg following statements can be found
in[2,9, 15].

Proposition 6.2. Consider an algebraic lattide We have the following:

=

. o(L) is order consistent.

N

. The seB = {Tc| c e K(L)} is a base forr(L).

w

. The compact opens &{L) are exactly the finite unions of memberskf

N

. o(L) is coherent.

a1

. (L) is sobef

Order consistency insures that algebraic lattices and ®®ott topologies uniquely characterize
each other. A categor¥ag of Scott topologies on algebraic lattices is readily olditry employing
continuous maps between topologies as morphisms.

Theorem 6.4. The categorief\lg andXag are isomorphic, hence equivalent.

5We did not define sobriety in this document. Readers who aréanliar with this concept may safely ignore this statetnen
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Proof:

The required functors are defined on objects by taking thét 8gmlogy and the specialization order of
the arguments, respectively. By order consistency of theltgies, this yields a bijection between the
classes of objects. Since the carrier sets of lattices gmldgies remain unchanged, one can consider
every function between algebraic lattices directly as &tion between spaces and vice versa. To finish
the proof, one needs to show that a function between algelattices is Scott continuouf it is contin-
uous with respect to the Scott topologies. This standandtrean for example be found in [2]. O

In the next section, we see that the topological spac&sgfare indeed very specific.

6.3. Stone duality

Since the very beginning of the theory, Stone duality has lveeognized as a tool for relating proof
theory, algebraic semantics, and model theory of logicatesys (see [26]). One direction of this in-
vestigation has already been mentioned in Section 6.1:enbdum algebras can be represented by
corresponding model theories, where models are charzetkedas subsets (filters) of formulae. Dually,
one could also have presented every formula by the set ofatkets. The conceptual step from such sys-
tems of specific subsets topological spacesvas the key to the strength and utility of Stone’s original
representation theorems.

However, it still took decades to recognize that it would eremore advantageous to undo this step
to the spacial side of Stone duality and to return to the mbstract world of partially ordered sets. It
became apparent that topologies could not only serve ageseyation for specific ordered structures,
but that conversely orders could serve as a general subdiitutopological spaces. Indeed, the leap to
the spacial side is usually not an easy one—in many casesribtéde made within classical Zermelo-
Fraenkel set theory (ZF). The localic side on the other hamcaimic most of the features of the original
topological setting, while being freed from the weight ofrie which often prevent purely constructive
reasoning.

In what follows we embed our specific scenery into the settih§tone duality. However, it turns
out that the special case we consider does not justify taeptabe theory in its common generality.
Hence we give explicit proofs for the object level relatioips in our specialized setting and hint at the
connections to more abstract versions of Stone duality evappropriate. Other than providing the merit
of a more self-contained presentation, this also enablés werk exclusively in ZF, with no additional
choice principles whatsoever. As a general reference ameQtoality, we recommend [15].

The passage from spaces to orders is a particularly simgetbea open set lattice of a topology is
already a poset. The class of posets arising in this way argpticial locales

Definition 6.6. A complete latticeL is alocale if the following infinite distributive law holds for all

SclLandxeL:
X/\\/S:\/{X/\s|seS}.

A point of a localeis a principal prime ideal ok, i.e. a subsep C L such thatp = | A p and, for any
XAY€E P, Xeporye p. The set of all points oL is denoted byt(L).

A locale isspacialif, for any two elementsy € L with x £ vy, there is a poin{p € L such that
x € pandy ¢ p. L is spectralif L is algebraic, its greatest element is compact, and the nesatlydwo
compact elements d@f is compact.
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We remark that locales are also calkegimes and that structures of this kind are equivalently char-
acterized asomplete Heyting algebrds

It is now easy to see that any open set lattice yields a loediere distributivity follows from the
corresponding distributivity of finite intersections owefinite unions. Furthermore, Proposition 6.2 (2),
(3), and (4) show that, for an algebraic lattice(c(L), ) is even a spectral locale. We shall find that
these locales are even more specific than this.

Our starting point for investigating topologies were algéb lattices, which we have earlier rec-
ognized as the model theories of deductive systentSRofogics. The abstraction to (certain) spectral
locales brings us back to proof theory. We now charactelizeabove locales by relating them to Lin-
denbaum algebras &P logic, and reobtain topological spaces from this data.

We consider arbitrary meet-semilattices with greateshetd, knowing that they are up to isomor-
phism just the Lindenbaum algebras@® (Theorem 6.1). Furthermore, we already mentioned that the
collections of all filters (the order-dual concepts of thedls) of such semilattices are just the algebraic
lattices, which follows immediately from Theorem 3.1. Wa cew give a characterization for the locale
of Scott open sets of algebraic lattices:

Theorem 6.5. Consider a meet-semilatti@with greatest element and the corresponding algebraic lat-
tice (FIt(S), ©) of filters of S. The collection of lower sets &, ordered by subset inclusion, is isomorphic
to o (FIt(S)). Every Scott open set lattice of an algebraic lattice ithif form.

Proof:

Theorem 3.1 shows the bijective correspondence betweasighmnts ofs and the compacts @t(S),
since S is dually order-isomorphic t&(FIt(S)). Proposition 6.2 demonstrated that every Scott open
set is characterized by the compact elements it containg. iNis obvious that such sets of compacts
correspond to upper sets in the join-semilattice of congpamtd thus to lower sets in its dual meet-
semilattice. The other direction is also immediate fromabeording part of Theorem 3.1. O

Hence the spectral locales of the fornflL) for some algebraic lattice are more precisely char-
acterized as the lower set topologies of meet-semilattids greatest element, i.e. as tAdexandrov
topologiesof join-semilattices with least element. Note also that tsie&d joins within these locales
are really given by the corresponding set operationsofgy we denote the category of all locales iso-
morphic to the collection of lower sets on some meet-setitiéatvith greatest element together with
functions that preserve finite meets and arbitrary j8ins.

Next we want to connect up with the common constructions oh&tduality.

Lemma 6.3. Consider a meet-semilattice with greatest eleng&and its locale of lower sets. Then
the meet-prime elements ofare exactly the complements of the filtersof

Proof:
Let F C S be a filter and sef = S\F € o. Now assume there are lower s&g B, € o such that
B1 N By = A. For a contradiction, assume that there are elem@ntsB; N F andby, € Bo n F. Then

"The interested reader will find definitions and treatmenil P].
8This is of course rather a category of frames and frame horrinisns than a category of locales (which would be described
by its dual). We have chosen to trade some terminologicaigios for conciseness of the presentation.
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by Aby € F andby A by € By N B, = A—a contradiction. Hence, one Bf, B, contains just the elements
of A as required.

Conversely, letA € o be meet-prime and consider the upperiset S\A. For any two elements
a,beFitiseasytoseethdlan b= |(aAb). Hence, ifanbe AthenlauAand|bu A are elements
of o~ with intersectionA, which cannot be. HenaA b € F as required. O

This gives us all necessary information about the pointhesa locales (see Definition 6.6), since
these were defined to be just the principal ideals generagtetklet-prime elements. We can thus identify
the set of pointpt(c) with the set of all meet-prime elementsaf Our insights allow us to give a direct
description of the topological spaces associated withlagines:

Corollary 6.1. LetS be a meet-semilattice with greatest elementl_lbe an algebraic lattice, and ket
be a spectral locale, such that

e S% jsisomorphic taK(L) and
e o is isomorphic tar(L).
Then the following are homeomorphic:
1. (L,o(L)), the Scott topology oh;
2. the topology orFlt(S) generated from the basic open sets

Oa={F €eFlt(S) |ac F} forallae S;

3. the topology omt(o) given by the open sets

Pa={pept(c) | A¢ p} forall Ae o.

Proof:

Most of the above should be obvious at this stage, so we spdarsome details. Suitable bijections
betweenL, FIt(S), andpt(o) have been obtained in 3.1 and 6.3. First we show the homeatnison
between (1) and (2) (which induces also that)is indeed a base). For this we only have to note that
O4 = {F € FIt(S) | Ta C F}. Using the bijection between (principal) filters and (coetpalements from
Theorem 3.1, one sees thaf corresponds to an open et ¢ € K(L), of (1). The fact that these subsets
are open and form the basis for the Scott topology has beewmnsindProposition 6.2.

For the homeomorphism between (2) and (3), we consider tteddmf lower sets o8, which is
isomorphic too by Theorem 6.5. Clearly thisffects the topology of (3) only up to homeomorphism.
Now in the locale of lower sets, a point (principal prime ilea = |B is in P, iff the corresponding
meet-primeB does not contai\. But this is the casdtithe complement oB intersectsA. Hence, by
Lemma 6.3,Pa corresponds exactly to the collection of those filterSdhat contain some element of
A, i.e. to the set J{O, | a € A}. But these are precisely the open sets of the topology of (2). O

SFurthermore, we remark that this guarantees fiicsent supply of prime elements without invoking any additibchoice
principles, i.e. we are dealing with a class of locales thapacial in Zermelo-Fraenkel set theory. This contradis the class
of all spectral locales, which is only spacial when the exise of prime ideals is explicitly postulated, i.e. when Bomlean
prime ideal theorenf8] is assumed to hold.
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Figure 2. Summary of all established equivalences withregige to the corresponding (object-level) statements.
Labels at the arrow tips specify the name of the functor thet used in a construction, whedewn denotes the
construction of the lower set topology from a meet-senidetPrm yields the set of principal prime ideals of a
locale, ordered by subset inclusion, andenotes the construction of the specialization order frdopalogical
space.

With respect to the given preconditions on the relationfieipveersS, L, ando-, note that the various
transformations between semilattices, algebraic lattiaad locales established earlier yield a variety of
equivalent ways to state that the three given objects dmstiie same thing”.

To complete the targeted categorical equivalence betweedual category afag andXag (Alg,
Sem,, ...), one still needs to prove a suitable bijection of hatssThis correspondence between inverse
frame homomorphisms and continuous functions is a basidtres Stone duality which we will not
repeat here. See [15] for detalils.

7. Summary and further results

We provided characterizations of the category of algebeadiices by means of structures from logic, to-
pology, domain theory, and formal concept analysis. Moezigely, we characterized algebraic lattices
by certain semilattices, formal contexts, and deductiatesys of the conjunctive fragment of proposi-
tional logic. The novel categoi@xt of formal contexts and approximable mappings was used abks

the cartesian closure of these categories, and the catagoonstructions needed for this were explicitly
given. Other representations referred to special clagsgesure systems, Scott topologies, locales, and
definite logic programs. An overview of the major equivakesgiven herein is displayed in Figure 2.

Although this treatment is quite comprehensive, one cotilldasid further equivalent formalisms.

Especially, we left out theoverage techniquef [15] (see also [24]), which represents locales in a
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syntactical way that relates closely to Scott informatigstems. Furthermore, we deliberately ignored
Scott's earlier approach to presenting domainsnegghborhood systeni22], since these structures

are not much more than a mixture of the later (token-set haséatmation systems and continuous
closure operators. Finally, one could also identify thessds of distributive lattices that arise as the
compact elements of the spectral locales we considere@ &®thdistributive lattices over the underlying

semilattice.

In this article we have also presented a unified treatmentebtsic techniques and mechanisms
that are applied to join domain theory, algebra, logic, ammblogy. Algebraic lattices turn out to be
the simplest case where such a discussion is feasible. R given results have been generalized in
various ways, some of which are subject to current resedrammmon way to generalize the above
results is to extend the logic under consideration. A tepmifor including “negation-like” constraints
without need for an internal negation operation has beerdamg by Scott in his original formulation
of information systems [21]. There he introduced a col@tf finite subsets of propositions that are
consistent, assuming that no inconsistent sets can be chappeie by any model. This procedure can
be viewed as an extension of the deductive system that aitatsments of the formX I-”, interpreted
as A X r L, where L is the constanfalse—a construction well-known under the notion iotegrity
constraintin database theory. Clearly,will then represent the least element in the resulting Limideim
algebras. However, as important as introducing the cohstarto the logical language is a change of the
model theory: models now have to pmperfilters, i.e. the case that all (including) formulae evaluate
to true is excluded. The posets of models for such logics dutrto be exactly the Scott domains (the
bounded complete algebraic cpos).

As another step, one can include disjunction into the foisrmal This already leads to a substantial
complication of the theory: choice principles are now nebenbtain models. Since logical conjunction
and disjunction are classically assumed to distribute eaeh other, one obtains all (bounded) distribu-
tive lattices as Lindenbaum algebras. In place of algeHediices one finds a curious class of dcpos
that have been termadformation domainsn [6]. Later the direct construction of distributive |&iis
and locales from such deductive systems was studied in El[3nand in [20] Smyth powerdomains
were characterized by similar means using a clausal logichwivas also extended to non-monotonic
reasoning paradigms on hierarchical knowledge [20, 11jeOthan this, one can apply all the repre-
sentation machinery that has been set up for distributittieds, including both Stone’s and Priestley’s
representation theorems for these structures ([15]).

Further strengthening of the logic is possible by includémgme internal negation operation. Intu-
itionistic negation yields Heyting algebras as Lindenbalgebras. The resulting topologies are already
studied in [26], though the significance of specializatiodens and domain theoretic concepts were not
yet recognized at this time. If classical negation is preféinstead, thus yielding classical propositional
logic, the class of Boolean algebras provides the well-kmalgebraic semantics. While topological
representation via Stone’s theorem is rather pleasanidrcéise, the domain theoretic aspects are quite
disappointing: the specialization order of models is diterRelated approaches nevertheless have been
taken for the context of negation in logic programming [28], but the domain-theoretic content of these
investigations remains to be determined.

For reasons as those just described, internal negatiomadlyisiot considered in domain-theoretical
studies. However both inconsistency of finite subsets aitd fiisjunctions can be employed with various
restrictions to obtain classes of domains that are morergktiian the Scott domains. A slight constraint
on either the logical ([6]) or the localic level ([1]) restis the obtained class of dcpos (of models) to
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the coherent algebraic dcpos. However, while this is a Wwabdwn concept in domain theory, it results
in rather unusual restrictions on the logics (Lindenbaugelatas, locales). Further conditions will lead
to SFP-domains [1, 29]. On the other hand, conditions thatactierize a class of deductive systems that
produces exactly the L-domains have been studied in [30].
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